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Abstract. Let ip be a homeomorphism on a totally disconnected, com- 
pact metric space X. Then, the following are equivalent: 

(i) f is uniquely ergodic; 

(ii) any clopen subsets of X are comparable with respect to a certain 
binary relation; 

(iii) an ordered group, which is a quotient of the group of integer- valued 
continuous functions modulo infinitesimals, is totally ordered. 

1. Introduction 

Let (p be a homeomorphism on a totally disconnected, compact metric 
space X. Let M 9 denote the set of p- invariant probability measures. For 
clopen sets A,B C X, we write A > B either if fi(A) > fi(B) for all \i G M^, 
or if fi(A) = fi(B) for all /i G M v . This relation > does not necessarily hold 
between given clopen sets (Remark I2.4p . If tp is minimal, then A > B 
induces an embedding of B into A via finite or countable Hopf-equivalence 
|8J. The embedding plays significant roles in analyses of orbit structures 
of Cantor minimal systems [7J [8j [9] and also in those for locally compact 
Cantor minimal systems [TT] . We refer the reader to [121 H3] for other facts 
concerning Hopf-equivalence. 

Another important object in analyses of the orbit structures is ordered 
group. Let denote the quotient group of the abelian group C(X, Z) of 
integer-valued continuous functions on X by a subgroup: 

Z v = {f e C{X, Z)| / fdfj, = for all /i G MJ. 
Jx 

Let = {[/] G G v \f > 0}, where [/] is the equivalence class of / G 
C(X, Z). If <p is minimal, then the ordered group (G^, G+) with the canon- 
ical order unit is a complete invariant for orbit equivalence [B]. 

If ip is uniquely ergodic, then any clopen subsets of X are comparable. 
This fact may lead us to have a question whether a non-uniquely ergodic 
system always has incomparable clopen sets, or not. The goal of this paper 
is to give an affirmative answer to this question: 

Theorem 1.1. The following are equivalent 

(i) <p is uniquely ergodic; 

(ii) any two clopen subsets of X are comparable; 

(iii) the ordered group (G^, G~t) is totally ordered. 
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2. Preliminaries 

We freely use terminology concerning (partially) ordered groups or di- 
mension groups; see [31 SI E] for example. Let K°(X, cp) denote a quo- 
tient group C{X,Z)/B lf> , where B 9 = {f o <p - f\f £ C(X,Z)}. Put 
K°{X,p) + = {[}} £ K°(X,<p)\f > 0}. If any point in X is chain re- 
current for ip, then (K°(X, ip), K°(X, p) + ) becomes an ordered group pQ. 
This fact is proved also by [10] in connection with finite Hopf-equivalence. If 
ip is minimal (resp. almost minimal), then (K°(X, ip), K°(X, p) + ) becomes 
a simple (resp. almost simple) dimension group [10] (resp. [2]). In each of 
these cases, (K°(X, <p), K°(X, p) + ) with the canonical order unit [xx] is 
a complete invariant for strong orbit equivalence [HI E], where xx is the 
characteristic function of X. 

Suppose p has a unique minimal set. By [10, Theorem 1.1], any point is 
chain recurrent for p. Given fi £ M 9 , define a state r M on (K°(X, cp), [xx]) 
by for feC(X,Z), 

tM) = I f d »- 
Jx 

The map /i i— > r M is a bijection between M v and the set of states on 
(K°(X, <p), \xx])] see for details [TQl Theorem 5.5]. 

Proposition 2.1. (G v , G^) is an ordered group. 

Proof. Suppose [/] £ G+n(— G+) with / £ C(X, Z). There are nonnegative 
gi, Qi £ C(X, Z) such that / — g%, f + g<i £ Z v . Since for all ji £ M v , 



= / (gi + 92)dfi > / gid/j, > 0, 
Jx Jx 

we obtain [/] = [g^\ = 0, i.e. n (— G+) = {0}. Other requirements for 

(G<p, G*) to be an ordered group are readily verified. □ 

Definition 2.2. Clopen subsets A and B of X are said to be countably 
Hopf- equivalent if there exist {ni £ Z|z £ Z + } and disjoint unions 

A = (J Ai U {x } and B = \J B, t U {y } 

into nonempty clopen sets Ai, Bi and singletons {xq}, {yo} such that 

(1) ip n °(x ) = yo and ip ni (Ai) = Bi for every i £ N; 

(2) the map a : A — > B defined by 



a(x) 



ip ni (x) if x £ Ai and % £ N; 
y if x = x 

is a homeomorphism. 
We shall refer to a as a countable equivalence map from A onto B. 

Lemma 2.3. Suppose (p is minimal. Let A,BcX be clopen. Then, the 
following are equivalent: 



COMPARABILITY OF CLOPEN SETS 



3 



(1) A>B- 

(2) there is a countable equivalence map from B into A; 

(3) [ X a] ~ [xb] eD^:= {[ Xc ] G G V \C C X is clopen.}. 

Proof. By [8, Proposition 2.6], © is equivalent to 0. If a : B -> a(-B) C A 
is a countable equivalence map, then 

[Xa] - [Xb] = [XA] - [Xa(fl)] = [XA\a(fl)] G Ap- 

Hence, ([2]) implies (EJ). If [xa] ~~ [xb] — [xc] f° r some clopen set C C X, 
then /(xa — XB)dfi = A*(C) > for all // G M^. Since given a clopen set 
C C X, either //(C) = for all // G M v , or //(C) > for all // G M v , © 
implies (PQ). This completes the proof. □ 

Remark 2.4. One can find a homeomorphism having incomparable clopen 
sets. Let (X,ip) be a Cantor minimal system such that K°(X,<p) is order 
isomorphic to Q 2 with the strict ordering by an isomorphism i mapping 
the canonical order unit [xx] to (1, 1); see for details [3J, [10] ■ The home- 
omorphism (p has exactly two ergodic probability measures corresponding 
to states n : Q 2 — > Q (i = 1, 2) which are the projections to the z-th co- 
ordinate. By [SJ Lemma 2.4], there exist clopen sets C, D C X such that 
t([Xc]) = (1/2,1/3) and fc([xo]) = (1/2,2/3), which are incomparable. 

3. A PROOF OF THE THEOREM 

(JTTJ) =>■ (lull) : We first show that if has a unique minimal set on which 
any // G M v is supported. Let Y be a minimal set. Suppose // G M v is 
supported on Y . Suppose v G M v is different from //. Assume ^(A) > for 
a clopen set A C X \ F . Define z/ G M v by i/(U) = v(U \ Y) /v\x \ Y) for 
a measurable set U. By regularity, there exists a clopen set B containing 
Y such that v'(B) < v'{A). However, fi(B) = 1 and fi(A) = 0. This 
contradicts ([n]) . 

In the remainder of this proof, we tacitly use Lemma [2731 The fact proved 
in the preceding paragraph allows us to assume the minimality of tp. Given 
a G G<p, choose {ai,bj G \ {0}|1 < i < n,l < j < m} so that a = 
ai + a 2 + h a n — b\ — b 2 — ■ ■ ■ — b m . 

The following procedure consisting of steps determines a > or a < 0. 
Step 1. If Y^i=i a i~bi < 0, then a < 0, and the procedure ends. Otherwise, 
there is k\ for which := YliLi £Jj — &i G D v \ {0} and a = c kl + a, fcl+1 + 
• • • + a n — b 2 — b 3 — ■ ■ ■ — b m . By this operation, the number of terms foj 

decreases by one. We may write a = a kl +a,k l +i + - ■ - + a n — b 2 — b 3 — ■ b m . 

Step 2. If Yli=k a i~^ — 0) then a < 0, and the procedure ends. Otherwise, 
there is k 2 > k\ for which Cfc 2 := X/^Ui a i ~ b 2 E D 9 \ {0} and a = Ct 2 + 

a /t 2 +i + ' ' ' + a n ~ ^3 — bi - — bm- By this operation, the number of terms 6j 

decreases by one. We may write a = a k2 + ak 2 +i + - ■ ■ + a n — b 3 — b 4: — ■ ■ ■ — b m . 

Now, it is clear how we should execute each step. The procedure neces- 
sarily ends by Step m. We obtain a > exactly when the procedure ends 
at Step m. 

(jm|) =>■ dij): Assume the existence of a clopen set A C X such that c 2 := 
inf^gM^ / XA<i/i < sup MeA ^ / XAdfi —. c x . Let /ii,/i 2 G be so that q = 
f XAd^i- Take m,neNso that c 2 < n/m < C\. Then, f (mXA — njdfii > 
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and J (mxA — n)dfi2 < 0. This contradicts (Jnl]). This completes the proof 
of the theorem. 

Remark 3.1. The proof of ([n]) =>■ fjm|) is based on an idea implied in [5l 
Subsection 5.4]. 

References 

[1] M. Boyle and D. Handelman, Orbit equivalence, flow equivalence and ordered coho- 

mology, Israel J. Math. 95 (1996), 169-210. 
[2] A. Danilenko, Strong orbit equivalence of locally compact Cantor minimal systems, 

Intcrnat. J. Math. 12 (2001), no. 1, 113-123. 
[3] F. Durand, B. Host and C. Skau, Substitutional dynamical systems, Bratteli diagrams 

and dimension groups, Ergodic Theory Dynam. Systems 19 (1999), 953-993. 
[4] E. G. Effros, Dimensions and C* -algebras, CBMS Regional Conference Series in 

Mathematics, vol. 46, Amer. Math. Soc, Providence, R.I., 1981. 
[5] G. Elliott, On totally ordered groups, and Kq, Ring Theory (Waterloo, 1978) 

(D. Handelman and J. Lawrence, eds.), Lecture Notes in Math., vol. 734, Springer- 

Verlag, Berlin, 1979, pp. 1-49. 
[6] T. Giordano, I. Putnam and C. Skau, Topological orbit equivalence and C* -crossed 

products, J. Reine Angew. Math. 469 (1995), 51-111. 
[7] T. Giordano, I Putnam and C. Skau, Full groups of Cantor minimal systems, Israel 

J. Math., Ill (1999), 285-320. 
[8] E. Glasner and B. Weiss, Weak orbit equivalence of Cantor minimal systems, Inter- 
nal J. Math., 6 (1995), 559-579. 
[9] T. Hamachi, M. S. Keane and H. Yuasa, Universally measure preserving homeomor- 

phisms of Cantor minimal systems, submitted to J. Anal. Math. 
[10] R. Herman, I. Putnam and C. Skau, Ordered Bratteli diagrams, dimension groups 

and topological dynamics, Internat. J. Math., 3 (1992), 827-864. 
[11] H. Matui, Topological orbit equivalence of locally compact Cantor minimal systems, 

Ergodic Theory Dynam. Systems, 22 (2002), 1871-1903. 
[12] H. Yuasa, Hopf-equivalences for zero- dimensional dynamical systems, Japan. J. 

Math. (N.S.), 28 (2002), no. 2, 299-312. 
[13] H. Yuasa, Not finitely but countably Hopf- equivalent clopen sets in a Cantor minimal 

system, Topol. Methods Nonlinear Anal., 33, (2009), no. 2, 355-371. 

17-23-203 Idanakano-cho, Nakahara-ku, Kawasaki Kanagawa 211-0034, JAPAN. 
E-mail address: hisatosrii_yuasa@ybb.ne.jp 



